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A scalar valued set function on a Cartesian product of algebras of sets is said to be
a Fréchet measure if it is a scalar measure independently in each coordinate. A basic
question is whether it is possible to construct products of Fréchet measures that
are analogous to product measures in the usual framework. Issues concerning this
question in the multidimensional setting, naturally arising, for example, in contexts
of harmonic and stochastic analysis, are fundamentally different and indeed more
challenging than corresponding issues in the classical one-dimensional setting.

A Fréchet measure is said to be projectively bounded if it satisfies a Grothendieck-
type inequality. In this paper I establish a connection between existence of products
and the projective boundedness property, and then consider the problem: when is
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ABSTRACT. A scalar valued set function on a Cartesian product of o-algebras
is a Fréchet measure if it is a scalar measure independently in each coordinate.
A basic question is considered: is it possible to construct products of Fréchet
measures that are analogous to product measures in the classical theory?

A Fréchet measure is said to be projectively bounded if it satisfies a Grothen-
dieck type inequality. It is shown that feasibility of products of Fréchet mea-
sures is linked to the projective boundedness property. All Fréchet measures
in a two dimensional framework are projectively bounded, while there exist
Fréchet measures in dimensions greater than two that are projectively un-
bounded. A basic problem is considered: when is a Fréchet measure projec-
tively bounded? Some characterizations are stated. Applications to harmonic
and stochastic analysis are given.

1. INTRODUCTION

a Fréchet measure projectively bounded?
The paper is organized into 11 sections:
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10. Projective boundedness, L?-factorizability, complete boundedness, and con-
volvability.
11. Appendix.

Definition 1.1. Let Aj,..., &), be sets, and let Cy,...,C, be algebras of sets in
X1,..., X, respectively. A scalar valued set function on C; X --- x C,, is an F,,-
measure if it is a scalar measure independently in each coordinate. The space of
Fr-measures on Cq X -+ - X Cp, is denoted by F,,(C1 X -+ X Cp,), or by Fp(-- xX; x )
if C; is the power set of X;. If Cy,...,C, are arbitrary or understood from the
context, then F,,(C; x «-- x Cp,) is denoted by F,,. (A norm on F,, extending the
total variation norm in the case n = 1, is defined in the next section; see (2.5)).

Fo-measures appeared implicitly in Fréchet’s characterization of bounded bilin-
ear functionals on C([0,1]) [F]. These bilinear functionals were dubbed bimeasures
by Morse and Transue (e.g., [M]), but a Riesz representation-type theorem, actu-
ally identifying bimeasures as bona fide set functions on the two-fold product of the
respective Borel fields, was stated and proved first by Ylinen [Y1, Theorem 6.9]. In
multidimensional frameworks, be they topological or measurable, analogous multi-
linear functionals or scalar valued set functions on products of o-algebras have been
called sometimes multimeasures and sometimes polymeasures (e.g., [D], [GY]). I
use the term F,-measure in a general context of multidimensional measure theory.

Let (X;,2;), (Vi, ;) (i =1,...,n) be measurable spaces. For

we F,(A x---xA,) and v e F, (B X - xBy),

define
(1.1)
wXv((A1,B1),...,(An, Bn)) = u(4s, ..., A v(B1,...,B,),
(A1,...,Ay) €Ay X - X WUy, (B1,...,Bp) €B1 X -+ X By,

Question. Can pu x v be extended to an F,-measure on o(; x By)
X oo X o(Ap X By)? (o(A x B) denotes the o-algebra generated by 2 x B.)

Definition 1.2. Let (X1,24),...,(X,,%,) be measurable spaces and let p €
Fn(@y x -+ xAp,). For Fy C L°(X4),...,F, C L>®(X,), write

(12) gbu(fl,...,fn):/f1®~'®fnd,u, (fl,...,fn)€F1><~'~><Fn,

and then define
(1.3)
l1ellpp, = sup{lldpllv,, (7 x---xF,) * £5 C unit ball of L(X;), |Fi| < oo, i € [n]}.

If || gellpb,, < o0, then w is said to be projectively bounded; if || p||pp, = 00, then w is
said to be projectively unbounded. The class of projectively bounded F,,-measures
on Ay X -+ x A, is denoted by PBF,, = PBF, (%1 X -+ x A,). (The integral on
the right side of (1.2) and the projective tensor norm in (1.3) will be reviewed in
the next section.)

To assert that u € PBF, is to say, in effect, that p satisfies a Grothendieck-
type inequality. The linear space PBF, equipped with the norm || - ||, is a
Banach space. The canonical imbedding PBF, — F, is norm continuous (cf.
(2.5)), and it is a surjection if and only if n < 2 (see sections 5, 6, and 10i). The
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following theorem, proved in section 3, is a link between construction of products
and projective boundedness:

Theorem 1.3. Let (X1,21),..., (X0, 2n), (Vn,B1)s .-y (Vn, Br) be measurable
spaces, and assume that each of the o-algebras Bq,...,B, is infinite. Let p €
Fn(Ry x-+-xUy,). Then, p € PBF, (1 X ---x2,) if and only if uXx v determines
an Fp-measure on o(Aq X Bq) X -+ X (A, X By,) for every v € Fp(B1 X -+ - X By,).

A role of projective boundedness in harmonic analysis is described in section 4.
The terminology and results in this section will be used later in the paper.

In section 5, it is shown by use of Grothendieck’s (bilinear) inequality and factor-
ization theorem that Fo = PBF,. In section 6, it is established by use of a simple
“tri-measure” due to C. Graham (e.g., [B5, p. 530], [GS2, proof of Corollary 4]) that
PBFs5 — Fs is a proper imbedding. Existence of u € F,, such that ||u||ps, = 00
can be deduced also from general results concerning multilinear Grothendieck-type
inequalities ([V3], [B1]). In sections 7 and 8, by the use of these results, projective
boundedness is characterized within specific classes of F-measures in frameworks
of arbitrary dimension.

In a context of probability theory, just as classical “one-dimensional” measure
theory is a natural setting for analysis of random variables, the multidimensional
theory provides an effective setting for description and analysis of stochastic pro-
cesses. This is illustrated in section 9.

In section 10, I comment further on projective boundedness, and on its relation
to L2-factorizability, complete boundedness, and convolvability. Projective bound-
edness, a more stringent notion, is not implied by any of the last three. It implies
convolvability, but whether it implies also L?-factorizability or complete bounded-
ness are open questions.

I have tried to make the paper accessible to probabilists as well as analysts. The
requisites, which are stated in the next section, include the Grothendieck inequality
and factorization theorem [G2]. For the convenience of readers, I have attached an
appendix containing elementary proofs of these two fundamental results.

A major part of this paper was written during my stay at McGill University in
the Fall of 1993; I thank S. Drury and I. Klemes for funding, through their NSERC
grants, my enjoyable visit there.

2. PRELIMINARIES

i. The algebras V, and V, (cf. [V1], [V2], [GM, Chapter 11]). Throughout, the
underlying scalar field will be the reals; modulo numerical constants, everything
stated here holds equally well for complex scalars. S(X') will denote the space of sim-
ple scalar valued functions on a measurable space (X, 20). Let (X,21),..., (X, 2An)
be measurable spaces, and let S(X1)®- - - ®S(&X,,) denote the usual algebraic tensor
product under the equivalence determined by pointwise equality on A7 x --- x &,.
The projective tensor norm of ¢ € S(X1) ®@ - @ S(X,) is

(2.1) I8llv,, = inf ¢ > llenjlloe - lpnslloc; =D P15 ® - @ ng
J J

The V,-norm closure of S(X;) ® -+ ® S(X,) in L®(X) X -+ X X,) is the pro-
jective tensor product of L®(X1),...,L>(A,), denoted by V,, (X1 X --- x X,,) or
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merely by V,, when the underlying spaces X1, ..., X, are understood from the con-
text. Equipped with the V,,-norm and pointwise multiplication, V,, is a Banach
algebra. Traditionally, V,, denotes the n-fold projective tensor product of spaces
of continuous functions. Our point of view here abuses that custom only slightly.
Indeed, £>°(X) can be canonically identified as a space of continuous functions on
the maximal ideal space of £>°(X), in which case V;,, defined in the measurable
setting above, has the traditional meaning.
The following are standard facts:
(i) If f1 € L=®(X1), ... fn € L®(X,), then the elementary tensor f1®---Q f, =f
is in V;, and ||f]|v, = |f]|co-
(il) Vo = {p € LX(X1 x --- x Xp,) 1 ¢ = 372 £, the ;s are elementary tensors
and 377 [|fjlloc < o0}

Proposition 2.1. Suppose that (,v) is a finite measure space. Let g1 €
L2(X) @ L®(Q),...,g9n € L2(X,) @ L®(Q), and define ¢ € L®(X X -+ X X))
by

(2.2) d(x1,. .., xn) = / g1(x1,w) - gn(Tn, w)v(dw).
Q
Then ¢ € V,,, and

(2.3) [8llv., < llgnlloc -+ - llgnlloc [V [l 7 -

Let ‘7,1(2(1 XX Xp) = V., denote the algebra consisting of all pointwise limits
of bounded sequences in V,,(X; x --- x A},). Norm V,, by

(2.4) ol = inf{su_p|<pj||vn :jlim pi(x) =o(x), x € X X -+ % Xn}.
J oo

The canonical imbedding V,, — XN/n is an isometry. It is a surjection if and only if
at most one of the &;’s is infinite (e.g., [V2]).

ii. F-measures and duality. A C-partition will mean a collection of pairwise

disjoint elements of an algebra C. If Cy,...,C,, are algebras of sets in &1,..., &,
respectively, then a C; X --+ X Cpy-grid will mean an n-fold Cartesian product of
finite Cq,...,C,-partitions. When Cy,...,C, are understood from the context, we

refer simply to partitions and grids. A Rademacher system indexed by a set 7 is
the collection of functions {rq}oer defined on {—1,4+1}7, such that r,(w) = w(«@)
foraerandwe {—1,4+1}7. If p € F,(Cy X -+ x Cy), then the Fréchet variation
of p is defined by

(25)  |lullr, =sup > wEBy. E)re @ @rp, | gridy
(El ..... En)e’)’ 0o
(rg,,...,rg, are indexed respectively by the partitions whose product is 7).

Theorem 2.2 ([B7]). Let Cy,...,C, be algebras of sets in Xy, ...X,, respectively.
Denote 2y = o(Cy),...,2A, =0(C,). Then p € F,,(C1 X+ --xCy) determines an F,-
measure on Ay X - - - X Wy if and only if ||| F, < co. Moreover, ||ul 7, c,x--xcn) =
HNHFn(thmeln)-
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Let (X1,21),..., (X, 2,) be measurable spaces. Let ¢ € S(X1) ® -+ @ S(Xy,),
and represent it as ¢ = Zce,y ac1., where v is a grid and 1. denotes the indicator
function of ¢. If p is an F,-measure on 2A; X - -- x 2, then define

(26) [odu=Y ante)

cey

and note

(2.7)

L/¢du\<nunﬁm¢|W.

The integral of ¢ € V,, with respect to u is obtained by taking a limit of the integrals
defined by (2.6); the result obviously satisfies (2.7).

Proposition 2.3 ([Y1, Cor. 5.7], [B3, Lemma 4.9]). Let u € F,, f € L>®(X1),
and define
(2.8)

s (s En) = /f(x)u(dm,EQ,...,En), (Eayooo Ep) €2 x - x 2.
Then py € Fpo1(Aa x -+ x Ay,) and
(2.9) el 7y < N flloclliell 7.

Proposition 2.3 implies that the integral of an elementary tensor can be computed
iteratively:

(2.10) /f1®~~~®fndu:/fn(xn) (...(/fl(xl)u(dxl,...,dxn)>...).

The duality between the V,, and F,, norms is an instance in a general scheme of
tensor products ([G1], [G2], [DU, Chapter VIII)): if f € V,,, then

(2.11) IJWul—sup{L/fdu

Induction (based on Proposition 2.3 and the Riesz representation theorem) implies

Theorem 2.4 ([Y1, Theorem 6.9], [B3, Theorem 4.12]). Let Xi,...X&, be locally
compact Hausdorff spaces with respective Borel fields B1,...,8,. Then every
bounded n-linear functional on Co(X1) X - -xCo(X,,) uniquely determines an element
in Fn(B1 X xB,) such that the functional at (f1,..., fn) € Co(X1) X+ xCo(Xy)
is the integral of f1 ® --- ® f, with respect to the corresponding F,-measure. In
particular, if V,, denotes the projective tensor product algebra Co(X1)® - - - ©Co(Xn),
then V) = F,(B1 X - -+ x By,).

iii. Grothendieck’s theorem(s) [G2], [LP], [Pi] (see the Appendix to this pa-
per)].

ne o Dl <1}

Theorem 2.5. There exists a universal constant Kg > 0 with the following prop-
erties:

(i) (Inequality). Let (X,2) and (V,B) be measurable spaces. If (f;) and (g;)
are finite sequences in L°(X) and L>(Y), respectively, such that

(2.12) Sf@E <1 ad Ylgw)P <1
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for (z,y) € X x ), then

(2.13) Y fiwgl| <Ke.
J Vo
(ii) (Factorization). If X and Y are locally compact Hausdorff spaces with re-

spective Borel fields B1 and B2, and p € Fo(B1 x Bs), then there exist probability
measure v1 on By and ve on Ba such that for all f € Co(X) and g € Co(Y),

(2.14) \ / f@gdu\ < Kol Fll 2o llgll L2

3. 1 IS PROJECTIVELY BOUNDED IF AND ONLY IF p X vV € Fn FOR ALL v € F,,

Lemma 3.1. Let (X1,24),...,(X, %), 01, B1), ..., (Vn,Bn) be measurable
spaces. Let p € Fp(1 X -+ x 2Ap,) and v € Fp,(By1 X --- X B,). Extend the
domain of u x v (see (1.1)) to include a(A; X B1) x -+ x a(™Ay, x By) (a(A x B)
denotes the algebra generated by A x B). Then p X v determines an F,-measure
on o(Ay X B1) X -+ x o(™Ap, X By,) if and only if

(3.1)
e X V|7, (a2 xB 1) x - xa(@, xB)) =
:= sup Z px v((Ar, Br),. .. (An, Bo))ra,,B) @ - @74, B,)
(Al,...,An)GOt
(B1,...,Bn)€EB

o0

grida of X1 X --- X X,, grid 3 of V1 X Yy

is finite. In particular, if p x v € Fp(o(A1 X B1) X --- X o™, X B,,)), then (3.1)
equals || x v|| £, (if the extension of p X v exists, then it is denoted also by u X v).

Proof. The only if direction follows from the only if direction of Theorem 2.2.

To establish the converse, observe that Theorem 1.3 in the (classical) case n =1
implies that u x v € F, (a1 x B1) X -+ x a(™A, X B,,)), and then apply the if
direction of Theorem 2.2. |
Lemma 3.2. Let (X1,21),..., (X0, An) be measurable spaces. If

wE Fp(RAr X - x2A)

and ¢, is defined by (1.2), then
3-2) Mullps, = sup{lldpllv,, (7 xxp,) = Fi © unit ball of S(X;),
|Fi| < o0, i=1,...,n}.

Proof. That ||p]|ps, majorizes the right side of (3.2) is obvious.
For each j =1,...,n, let F; C N be finite and let {f;x : k € F;} be an arbitrary
subset of the unit ball of £L>(X}). For each k € Fj, let {gm;r : m € N} be a
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sequence of simple functions in the unit ball of £>°(X};) uniformly converging to
fjk. Define

¢#<k1,...,kn>:/fjkl®~-®fjkndu,
(3.3)

(bELm)(k:la ceey kn) = /gmjkl Q& Imikn dﬂa

for (k1,...,kn) € F1 x --- x F,. By (2.7), {¢,Sm> : m € N} converges pointwise to
¢u on Fy x --- x F,. This implies

(3.4) right side of (3.2) > [|¢. |y,

(see (2.4)). Since the Fy’s are finite, ¢, € V,,(F1 x - -+ x Fy,) and [|¢uly. = [[9pllv,.-
This, by (3.4), implies that the right side of (3.2) majorizes ||| pb,, - O

Proof of Theorem 1.3. If p € F, (A1 x --- xAy,) and f1 € L®(X1 X V1),..., fn €
L2(X, X V), then denote

35 Opesinlne ) = [ A1) ol gauldon, .. day),
(Y1, +yYn) €EV1 X -+ X V. Lemma 3.2 implies

(3:6) llellpp, = sup{lldss pusullvi : fi € S(X) @ SO, | filloo <1, =1, m}.

Suppose ||ullpp, < o0, and let v € F,(B1 x --- x By,). Let ai,...,an, and
b1, ..., 0y be finite partitions of Xy,..., &, and Vi,...,V,, respectively. Let o =
a1 X - X ap and B = 1 X - -+ X 3, be the resulting grids. Fix w; € {—1, +1}:*5
and define

(3.7) fi= Z ra,B)(wi)laxB.
(A,B)Gai Xﬁi

Then

Z X V((Alv Bl)a R (Ana Bn))T(A17B1)(w1) o 'T(AmBn)(wn)

(A1,...,An)Ea
(38) (Br.. Ba)ef

= ‘/(bfl'”fn;/'b dv

By Lemma 3.1, X v determines an F,,-measure on o(2; X B1) X - - - X (A, X B,,).
Conversely, suppose that pu X v € F,(o(21 X B1) x -+ x o(2A,, x B,,)) for every
v E Fn(B1 X -+ x B,,). Then there exists K > 0 such that

< leallpb, V]| 7,

(3.9) lee x vz, < K|v|z, forallve F,(By x---xBy,).
For each ¢ = 1,...,n, let f; be a simple function on X; x ); of the form
(3.10) fi= > a@aplaxs

(A,B)€a;XB;
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where a; and (3; are partitions of X; and ), respectively. Note that

/¢fl"'fn;” dv
) =

(3.11 S wxv((A1, By, (A, Bu))aay By - A, B)-
(Al,...,An)GQ
(Bi,...,Bn)€B
Then, by (3.9) and duality (see (2.11)), we obtain
(3.12) 651 faiullv, < Kl filloo -+ 1 fnlloo
which, by Lemma 3.2, implies ||p|/pp, < K. O
Corollary 3.3. If p € PBF, (/1 x -+ xAyp,) and v € Fpn(B1 X -+ X By,), then
(3.13) e x vz, < ullpp, V]| 7,-

4. HARMONIC ANALYSIS OF F-MEASURES

Let Xy, ..., X, be locally compact Abelian groups with Borel fields 91, ...,%8B,,
and let /?1, e /'/V\n be the respective dual groups with Borel fields 9?51, ce %n If u
is a bounded multilinear functional on Co(X1) X -+ X Co(X,,), then p is identified
as an F,-measure on By X -+ X B, (Theorem 2.4), and its transform [ is then
defined by

(4.1) ﬂ(%,.-.,%):/71®-~®7ndu, (V5 m) € Xy X+ X X,

It is evident that [ is continuous separately in each coordinate and is bounded by
[l 7,

Proposition 4.1. If u € PBF,(B1 X --- X By,), then i € YN/n(/?l X oo X Xy). In
particular,

(4.2) ally, < llellpb,-

Proof. Tt suffices to establish that if /Iy C /'/V\l, LKL C /'/V\n are compact, then

(4.3) il sy < il
i1 is uniformly approximable on Ky X --- x IC;, by simple functions
(44) ¢ = Z /l(717"'7’7n>171(’>’1) - ®1'rn('yn)7

YEF1,..;7n€F,

where Fy C K4, ..., F, C K, are finite sets, and 7, ..., 7, are ‘31, ..., B, -partitions
indexed respectively by Fi,..., F,. Note that ¢, defined by (4.4) above, can be
identified with ¢,, which is defined by (1.2). Therefore, [|p|lv, (c,x..-xx,) < [lllpb,»
which implies (4.3). O

If u € PBFL(B1 x---xB,) and v € F, (B X -+ x B,,), then the convolution
1 * v is obtained by mimicking a standard definition (e.g., [R, 1.3.1]):

(4.5)
M*V(Ela"wEn):/lEl(xl +y1)"'1En($n+yn)u><V(d(xl7y1>7"'7d($n7yn>>7
FE,€%9B1,...,E, €8,.
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Proposition 4.2. If y € PBF,(B1 x--- X B,) and v € F,(B1 X --- x By,), then
pxv € Fp(By x -+ x B,). Moreover,

(4.6) lex vz, < llplp, vz,
and
(4.7) (u*v) = ap.

Proof. The first assertion follows via (2.10) from the usual dominated convergence
theorem. (4.6) follows from (3.13). To establish (4.7), note that if f; € £L>°(X;) and
gi € L2(X;) (i=1,...,n), then

/f1®91®~~®fn®gn d(p x v)

:</ﬁ®m®ﬁwﬁ(/m®~@%mﬂ,

and
/ﬁ®m®hde)
(4.9)

(4.8)

:/ﬁ@u+w%~h@m+%ﬂuXWﬂmwﬂw~J@m%»-D

5. EVERY p € F3 IS PROJECTIVELY BOUNDED

Theorem 5.1. If (X,A) and (V,B) are measurable spaces, then PBF(U x B) =
F2(A x B). Specifically, if p € Fo(A x B), then ||pllpp, < (Kg)?|lullz,, where
Kg > 0 is the Grothendieck constant (see Theorem 2.5).

Proof. We need to show that if F' and G are finite sets in the respective unit balls
of §(X) and S(Y), and

(5.1) Mﬁm=/}®gw, (f.9) € F x G,
then
(5.2) 16llvarxay < (o)l 7

(see Lemma 3.2). There exist finite partitions C and D of X and Y, respectively,
such that for every f € F and g € G,

F=> fOl, g=> g1y

ceC deD

(f(c) and g(d) are the constant values assumed by f and g on ¢ and d in the
respective partitions). Then (5.1) can be rewritten as

(5.3) o(f,.9)= > mle.d)f(dg(d), [EF ged.

(c,d)eCxD

Let p|exp denote the restriction of p to o(C) x o(D). Then

llexpllz < [lpllz-
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In Theorem 2.5(ii), let X = C and Y = D, and let the action of 8 be integration
with respect to p|cxp. Then conclude that there exist probability measures 1 on
C and v5 on D such that

(5.4)

sup Y Hexnf@g@)] I fllzen) £ 1 gz < 1p < Kgllulz..
(c,d)eCxD

Theorem 2.5(i) is equivalent to the following:
Let H1 and Ha be Hilbert spaces, and let n be a bilinear functional on Hi X Hs.
If F and G are finite subsets of the respective unit balls of H1 and Ha, then

(5.5) Inllva(rxa) < Kgsup{[n(,y)| : [[%llw, <1, (lyllr, <1}

(To see this, without loss of generality take H; and Hs to be (% and let ) be the usual
inner product in [2; then, in the statement of Theorem 2.5(i), take X = F, J = G,
and fj(x> = X(j)v g](y) = Y(J)) In (55)7 let Hy = L2(Cayl)7 Hy = LQ(D7V2)7
1 = ¢, and thus obtain (5.2) from (5.4). |

Remark. If (X,2) and (Y,B) are locally compact abelian groups, then Theorem
5.1 and Proposition 4.2 directly imply that 7> (2 x 9B) has a convolution structure
which extends the usual convolution structure in Fi(o(2 x 9)). This was proved
first in [GS1], also by an application of Grothendieck’s theorem(s) (see also [GiIS]).

6. THERE EXIST PROJECTIVELY UNBOUNDED JF3-MEASURES

Theorem 6.1. If (X,2A), (V,B), and (Z,€) are measurable spaces with infinite
underlying o-algebras, then there exists p € F3(A x B x &) such that ||p||pps = 0.

In order to prove Theorem 6.1, we establish first a finite version of it. Fix a
positive integer m. Let Z,, denote the additive group of integers mod m, endowed
with the uniform probability measure (Haar measure). Then Z,, (the character
group of Z,,) is canonically identified with Z,,. Let 1, be the function on Z,, x Zm
representing the dual action between Zm and Zy,, i.e.,

(6.1) Yo (k1) = 2™ (k1) € Ly X L.
It is a standard fact that for o € [2(Zy,) and 8 € [2(Zy,),

(6.2) S Rk Dak)BM)] < llalls]6]l2

(k) EZpmy X Zom

which implies

(6.3) 11/ m® )l < 1

(e.g., cf. [L, p. 172]). This, in turn, implies

(6.4) Vi < Y ve.

Define an Fs-measure p on Z,, X Zy, X Zm by

(6.5) WA B = S b Diak)isk)ic),
(k1) €Zm X T

where A C Zyn, B C Zom, C C Zom.
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Lemma 6.2. ||u||z <1 and ||ullpps > VM.

~

Proof. If f and g are in [°°(Z,,) and h is in [°°(Z,,), then
(6.6)

\ / f®g®hdu‘= S Uk DFRIERAD = | S FHaERR)

(k1) €Zm X Lo k€L,

(by the inversion of the Fourier transform)

< I fll2llgllzll~lloe < 1 £llocllglioollllos,

which implies ||p]|7 < 1.
To obtain the second inequality, note that the transform /i (cf. (4.1)) is given by

k) if ki € Zo, ko € Zoy ki = ko =k, L € L,
67) il ka1 = § LD E1 € B e

0 otherwise.
In the definition of projective boundedness, let F} = F; = Zm (characters on Z,)
and let F5 = Z,, (characters on Z,,), and then deduce ||v||pp, > Hﬂ”‘/_’;(

(cf. Proposition 4.1). Therefore, by (6.7) and (6.4),

68)  lillobe = il sy 2 ol vy = Vi O

Proof of Theorem 6.1. For j € N, let A; C A, B; C B, and C; C € be partitions
such that |A;| = [B;| = |C;| = 27, and such that the A;’s, B,’s, and C;’s are
pairwise disjoint. For each j € N, and a € A;, b € Bj, and ¢ € C;, choose points
zj(a) € a, y;j(b) € b, and z;(c) € c. Identify A; and B; with Z,;, and identify
C; with Zy,. Following this identification, apply Lemma 6.2 with m = 27, thus
obtaining p; € F3(o(A;) x o(B;) x 0(C;)) such that

(6.9) lillms <1 and |l lpe, > 2772

Extend the p;’s to A x B x € by defining, for (4,B,C) € A x B x €,

: it 2;(a) € A, y;(b) € B, 2
(6.10) 15(A, B,C) — wi(a,b,c), i zj(a). €A, y;(b) € B, z(c) € C,
0, otherwise.

imximxzm)

Note that the p;’s still satisfy (6.9). Let g =3 p1;/j* Then p € F3(2 x B x €),
and

itllpbs > Nl llps /32 > 2972 /3% forall j € N. O

7. A CHARACTERIZATION OF PROJECTIVE BOUNDEDNESS

In this and the next section, F-measures will be viewed in a framework of har-
monic analysis. To set the stage, we first recall the multilinear Grothendieck-type
inequalities derived in [B1].

Definition 7.1 ([B1]). An n-linear form A on a Hilbert space H is projectively
bounded if
Il Allpb,, = sup{ || Allv, (7 x-.-x ) : Fi C unit ball of H,

7.1
(7.1) |Fi| < oo, i=1,...,n} < o0.
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Fix m € N. Let U = {S, : a = 1,...,n} be a collection of ordered subsets of
[m] (:= {1,...,m}) such that U covers [m] and every j € [m] appears in at least
two elements of U. Denote the cardinality of S, by k., and define 7, : N — NFa
by

(7.2) Tallt, -y lm) = (li 1 € Sa), a € [n].

Let 'H be a separable Hilbert space, and let B be an orthonormal basis of H. For
each a € [n], fix a ko-dimensional enumeration of B, i.e.,

(7.3) Bo (= B) = {ej : j € NF},
For each «, let ‘H, designate the Hilbert space H spanned by B,, i.e.,
(7.4) X~ Z z(j)e;j, z €H.

jeENFka

For ¢ € [*°(N™), define
(7.5) Ap(@r,yxn) = Y oz (m () - 2 (ma (1),
leN™

(X1,...,2n) € H1 X -+ X Hyp. The Cauchy-Schwarz inequality implies
Lemma 7.2 ([Bl, Lemma 1.2]). A, is a bounded n-linear form on H such that
[Apll = sup{| A (21, ..., 2n)| : [lzillz <1, 4 € [n]} < [lpl|oo-
Let Viy(N™) denote the space of all ¢ € [°°(N™) which can be written as

(7.6) e(l) = Zazﬂl,i(m (D) -+ On,i(mn (1)),

where I € N™, 6, ; € unit ball of [*°(NF) (i € N), and Y |a;| < co. Norm Vi (N™)
by

ll¢llvy, = inf {Z |a;| : representations of ¢ by (7.6)} .
Let Vi (N™) be the algebra of pointwise limits of sequences that are bounded in
Vu (N™). Norm Vi (N™) by

(1) lellg, = int{sup sl im 5(0) = @), 1€ " .
J

Theorem 7.3 ([B1, Theorem 1.3]). Let ¢ € I*°(N™), and let A, be the n-linear
form on H defined by (7.5). Then A, is projectively bounded if and only if ¢ €
Vo (N™).

The statement of Theorem 1.3 in [B1] involved an algebra of restrictions of
Fourier-Stieltjes transforms to a “fractional” Cartesian product of a lacunary spec-
tral set. This algebra is canonically isomorphic to Vi (N™).

Let ey be the combinatorial dimension of the “fractional” Cartesian product
{(m(1),...,m(l)) : I € N™}, which can be computed by solving a linear program-
ming problem (see [BS]). We have [°(N™) = V;(N™) if and only if ey = 1 (e.g.,
[B2, Corollary 2]), and thus obtain

Corollary 7.4. || Ayl||ps, < oo for all ¢ € 1°°(N™) if and only if ey = 1.
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For example, if n > 2 and m =1 (i.e., U = {(1),...,(1)} and ey = 1), then

(7.8) Av(@r,..mn) =Y @Dar(l) - za(l),  z1 €. 0 €l
leN

is a projectively bounded n-linear form on [? for all ¢ € [°°(N) (the instance n = 2
is the classical Grothendieck inequality). On the other hand, if n = 3, m = 3 and
U ={(1,2),(2,3),(1,3)}, then ey = 3/2. Therefore there exists ¢ € [°°(N®) such
that

Ap(w,y,2) = > li g, k)x(i, )y, k)2, k),
(7.9) (i,5,k)EN3

rel?(N?), yel*(N?), zel*(N?),

is a projectively unbounded form (such A, appeared first in [V3]).

The multilinear forms defined in (7.5) naturally give rise to F-measures in the
classical framework of the circle group [0,27) := T. For each a € [n], fix a k-
dimensional enumeration of Z (= T) which we write as Z = {ej : j € NFa} (cf.
(7.3)). Let B denote the Borel field of T. For each ¢ € [°°(N"), define

(7.10) po(Br, . En) = Y o(Dig (en@) - 1B, (€r,0):
leN™
E, € %,...,E, C %B. Plancherel’s theorem and Lemma 7.2 imply that u, €
Fn(B™) and
(7.11) el 7, < llelloo-

Specifically, if f; € L?(T,dx),..., f, € L?(T,dr) (dxr = Lebesgue measure on B),
then

(7.12) /f1®~~®fndu¢ = Ag(fr, o f),
and
(7.13) ‘/f © e ® fudiig] < Iollocll fillz- - [ Fule-

Theorem 7.5. Suppose ¢ € I1>°(N"), and let p, € F,,(B") be defined by (7.10).
Then, p, € PBF,(B") if and only if ¢ € Viy(N?). In particular, p, € PBF(B")
for all p € 1°°(N™) if and only if ey = 1.

Proof. Following (7.12), the if direction follows from the if direction of Theorem
7.3.

To obtain the only if direction, first note, again by (7.12), that if j; € N*t . .,
jn € NFn then

o), itml) =j1,..., () =jn,
0, otherwise.

(T14) (e ne,) = {

Now apply Proposition 4.1. O
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8. ANOTHER CHARACTERIZATION

We continue in the setting of the previous section. In addition to the k-
dimensional enumerations of Z (« € [n]), we fix also an m-dimensional enumeration
Z ={e :l e N"}. If p € [°°(N™), then

(8.1) )\g,(El,. . ,En,C) = Z (p(l)iEl (em(l)) ce iEn(eﬂn(l))lc(el),

leN™
Ey x---x E, € 8" C CZ, determines an F,,1-measure on 8" X Z such that
(8.2) Aol Fsr < llelloo

(cf. Lemma 7.2). Moreover, if f; € L?(T,dz),..., fn € L?*(T,dz), and g € [°(N™),
then

(8.3) /fl ® @ fan®gdr, = Z o) filem@) - Fulemw)gler).

leNm

Observe that p in the proof of Theorem 6.1 was synthesized from F3-measures given
essentially by (8.1), where n =2, U = {(1),(1)}, and ¢ =1 (see (6.5) and (6.6)).

Theorem 8.1. Suppose ¢ € [°(N"), and let A\, € Fpn1(B" X Z) be defined by
(8.1). Then, Ay € PBF,+1(B"™ x Z) if and only if ¢ € I*(N™).

Proof. To verify the only if direction, we can be assume that ¢ has finite support,
which we denote by D. Suppose |D| = N, and identify D with Zy. Designate this
identification by l <= dy, l € D, d; € Zy, and then view A, as an F,1-measure on
B x Zy. Ifj1 € N1 .. j, € NF» § € Zy, then

E o QO(l)’l/JN(j,d[) ifﬂl(l):jla"'aﬂ-n(l):jna lEDv
8.4) Aol ... e f) =
B4 Aolen €n2) {0, otherwise

(see (6.1) for the definition of ¥y ). By assumption,

(8.5) ol .,z < Pllpss,,, < oo
Let 6 be in the unit ball of I?(D). Consider

> o)

leD

(8.6) =" > eun(, i) (F)0W) YN (G, di)]|

leD JGZN

which represents the dual action between 5\ and (1/N )5\9. Observe that

(8.7) 1(F) Mol s <1
(to verify (8.7), use an argument similar to the one establishing that (6.2) implies
(6.3)). Now apply (8.5) and (8.7) to (8.6), maximize over #, and deduce |||z <
H)‘90||7357:n+1'

Conversely, assume that ¢ € [2(N™). In the statement of Theorem 7.3 replace n
by n+1and U by UU {[ 1}; let ¢ = 1, and denote the corresponding (n + 1)-linear
form by A. Then, ) can be rewritten as

(8.8) /ﬁ @ frn@gdr, = A(f1, ..., s 09).

By assumption, pg € [?(N™) for all g € [°°(N™). Therefore, by Theorem 7.3,
| Al pb,, < o0, and this, by (8.8), implies |[Ay||pp, < 0. O
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9. APPLICATIONS TO STOCHASTIC ANALYSIS

i. Random multilinear forms. Let X = {X; : j € N} be a system of random
variables on a probability space (£2,2(,P). Define

(9.1) HXH(l) = sup ZEij tej==x1, meN, jeN

J=1 L1(Q,P)

For A € 2 and finite subsets of B of N, define

92) px(A,B) = 3 B14X

j€B
(E denotes expectation).

Lemma 9.1. Let X = {X; : j € N} be a system of random variables such that
HXH(I) < 00. Then:

(i) ux € Fo(AXN), and ||pux |7 = [[X]q)-

(ii) There exists a probability measure v on N such that, for all b € L*(N,v),
> o1 0jX; converges in L'(Q,P), and

(9.3) > biX; < Kglbll L2 1 X [l (1)-
J=1 L1(Q,P)

Proof. (i) Let aN denote the algebra generated by the finite subsets of N. The defi-
nition of || X|(1) implies that px is an Fo-measure on A x aN and || x| £, (2axan) =
| X|l(1). Now apply Theorem 2.2.

(iii) The map (Y, b) — [ b®Y dpux is a bounded bilinear functional on L*° (£, P) x
co(N). View L>(£,P) as a space of continuous functions on the maximal ideal space
of L>°(£,P). Then apply Theorem 2.5(ii) to obtain a probability measure v on N
such that for every Y € L>*(Q,P) and b € ¢o(N),

(0.4) ' / b@YduX' < Kool sz 1Y =) | X -

Since [b®Y dux =EY 3,y b;X;, (9-4) implies that for m >k > 0

(9.5) EY Y b;X;| < Kg|[blloov({k, - .. m}) 2V oo (.1 X Il ) -
j=k
This implies the assertion. O

Let X() = {Xj@ :j € N}, i=1,...,n, be mutually independent systems such
that ||X(i)||(1) < 00. The X(’s can be redefined on (Q",(A"),P") so that each
X @ depends only on the ith coordinate (i = 1,...,n). For (Ay,...,A,) €A™ and
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By x --- x B, € N", define

,LLX(I)®“,®X(71) ((Al, ey An), (Bl, ey Bn))
= Z E1A1"'1AnXJ(-11)"'X§:)

j1€B1,...,jn €Bn

= Z ElAlXJ(.l) Z ElAnXJ(-n)
JEB1 jEBn

= pxm (A1, B1) - pixom (An, Br).

Theorem 9.2. Let X (i =1,...,n) be as above. Then:
(i) BxD)g...@xm € fg(d@l”),N") and

(9.7) ltxme-gxmllz < (G X Dqy - 1X ™| q);
(ii) there exists a probability measure v on N" such that for allb € L*(N"™,v) the

series
1 n
S b X
(jlw--)jn)eN"

(9.6)

converges in L*(Q,P), and

(9.8)

>0 biean g XY <K bl 1IX Py - 1X -
(J15--50n) ENT L1(Qn Pr)

Proof. (i) By induction, Lemma 9.1 and Theorems 5.1 and 1.3 imply that
X ) ®--@xm determines an Fp-measure on o(2A™) x N™. (9.7) follows from Corol-
lary 3.3.

(i) By part (i), pxmg...ox determines a bounded bilinear functional on
L™, P™) x ¢o(N™). Then, as in the proof of Lemma 9.1(ii), an application
of Theorem 2.5(ii) implies the assertion. O

Remarks. 1. A review of the proof of Theorem 5.1 yields that the probability
measure v in Theorem 9.4 can be taken to be 11 X --- X v,, where each of the v;’s
is the probability measure in Lemma 9.1(ii).

2. Decoupling inequalities (e.g., see [McT]) imply

Corollary 9.3. Let X = {X, : j € N} be a system of independent symmetric
random variables such that

sup{|| > Xjllz: :m € N} (= || X]|1)) < 0.
j=1
Let W,, denote {(j1,...,Jn) : 1 < j1 < -++ < jn < oo}. Then, there exists a
probability measure v on W,, such that for all b € L? (Wh,v) the series

(J1,--,0n) EWn
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converges in L1(Q,P), and

(9.9) S b X X, < K20l 2 1 X 0y
(.717---)j71)€W71 LI(Q"7P")

E. Giné pointed out to me that if each X in Theorem 9.2 is a system of inde-
pendent symmetric random variables, then the assertions in part (i) and part (ii)
with [°°(N") in place of L?(N", ) can be proved by a use of Khintchin’s inequality.
Even this instance of Theorem 9.2 appears to have been overlooked by workers in
the area (cf. [KW, Chapter 6]).

ii. Stochastic integration (cf. [B6]). Let X = {X(t) : t € [0,1]"} be an n-
process on (2,2, P) (a process indexed by n parameters), and define

(9.10)  fix (A1) = BE14AX(I), A€, I=(s1,t1] % -+ X (8n,ta] C [0,1]"

(A™ denotes the operation of taking nth order differences). Let O be the algebra
generated by {(s,t] : 0 < s < t < 1}, and extend the domain of fix by finite
additivity to O". Assume that [|fix||£,,,(axon) < oo; we shall refer to such X as
an n-integrator. Then, for every A € 2, the function E14X (u) (u € [0,1]™) has
bounded variation in the sense of Fréchet (e.g., [MT]), and therefore we can define
Xt ={X*(t):t€[0,1]"} by

(9.11) E1L,X*(t) = lim E14X(uw), A€ te0,1)"
u—t

(limy ¢+ denotes right limits along coordinate axes; e.g., [MT, Theorem 2.2]).
Define

(9.12) px(AD) = fix+ (AT, AcfandIe O,

and deduce, from Theorem 2.2, that px determines an F,,1-measure on 2 x B"™
where B denotes the Borel field in [0,1]. If ||px]|pp, < 00, then X is said to be
projectively bounded.

If X and Y are n-processes, then X ® Y will denote the 2n-process defined by
X®Y(s,t) = X(s)Y(t), (s,t) € [0,1]™ x [0,1]™. Theorem 1.3 implies

Theorem 9.4. If X andY are mutually independent n-integrators (i.e., X (s) and

Y (t) are independent random variables for all (s,t) € [0,1]" x [0,1]") and X is
projectively bounded, then

pxey € Fni1(Ax o(B?) x -+ x 0(B?)),
and
HXeYy = UX X [y -

Remarks. 1. Denote Iy = (0,t1] x -+ x (0,], t = (t1,...,t,) € [0,1]". Suppose
X is a projectively bounded n-process, and Y is an n-integrator independent of
X. Then, by Theorem 9.4 and Proposition 2.3, [ 1g,nr,(s)ux x py ((ds, ), (du,-))
determines a scalar measure on (§2,2() which is absolutely continuous with respect
to P. We can then define the integral [ X dY (or [Y dX) to be the n-process given
by

019 ([xar)© = 5 ([ tnen o <) x @),
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To obtain the integral of Y with respect to X, merely interchange the roles of X and
Y. It is evident that [ X dY is an n-integrator. An integration by parts formula is
immediate:

(9.14) (/XdY) (£) = A"XH(I)AMYH(T,) — (/mx) (t).

2. An inductive application of Theorems 5.1 and 9.4 implies that if X1 ... X (™)
are mutually independent 1-integrators, and f is a bounded measurable function
on [0,1]™, then we can define the stochastic integral

1 1
/0/0 eyt ) XD (dty) - XM (dt,,)
(9.15) J

=5 (/[o,l]n f®)pxa x - x Mx<n)('adt)> :

Then, Theorem 2.5(ii) implies that there exists a probability measure v on [0, 1]"
such that the integral above can be defined for all f € L?([0,1]",v) (cf. [B6, Corol-
lary 3.2]).

3. One of the most widely studied stochastic integrals over one-dimensional
parameter sets has been the It6 integral (e.g. [Pr]). In it, a random integrand is
adapted to a l-integrator which is a semi-martingale (= L?>-bounded martingale +
finite variation process; loosely put, an integrand is adapted if it is a function of
the respective integrator). In a general framework, not every 1-integrator is a semi-
martingale and not every prospective integrand is adapted. Since every 1-integrator
is projectively bounded (Theorem 5.1), every 1-integrator is integrable (in the sense
of (9.13)) with respect to any other that is independent of it. Independence is the
opposite of adaptability; how to deal effectively with random integrands that may
be neither independent nor functions of the respective integrators is an open-ended
question.

4. An example of a l-integrator is a 1-process X with independent symmetric
increments such that E|X(1)] < co. For n > 1, examples of n-integrators X,
projectively bounded or unbounded, with the property that px cannot be extended
to F,_1-measures, can be obtained from the F-measures construction in sections
7 and 8.

10. PROJECTIVE BOUNDEDNESS, L?-FACTORIZABILITY,
COMPLETE BOUNDEDNESS, AND CONVOLVABILITY

i. Proposition 2.1 implies that for all n > 1
(10.1) Frlo(@y x -+ x2Ap)) CTPBF, (A x -+ x Ap).

In this paper we noted that Fo(2; x A3) C PBF2(2; x Az) (Theorem 5.1), and
that for every n > 2 there exist F,,-measures which are not projectively bounded
(Theorem 6.1). In this light, it is natural to ask whether, for all n > 2,

(10.2) Folo(Ag X -+ x A1) xAp) CPBF, (™A1 X -+ x Ap,)?
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The answer is no: Consider the class of Fy-measures given by (7.10) in the case
m=2and U = {(1),(2), (1), (2)}. That is, let ¢ € {°(N?) and define

(10.3)
N<P(A7B7cv D) = Z gD(j, k)iA(])iB(k>iC(])iD(k)7 (A7B707 D) € %4'

(4,k)ez?
Such pi, is extendible to the Fo-measure on o(B?) x o(B?) defined by
(10.4) Y. el@R1aGk)isG k), A€o(B%), BEo(B?).
(4,k)ez?

However, there exist ¢ € 12(N?) such that ¢ ¢ Viy/(N?) (ey = 2; see the comment
following Theorem 7.3), and thus, by Theorem 7.5, u, ¢ PBF4(B).

It can be verified that if any one of the Fs-measures given either by (7.10) or
(8.1) is extendible to an Fa-measure, then it is necessarily in PBF3. I do not know
the answer to (10.2) in the case n = 3.

In subsections ii and iii, below, AXj,..., X, denote locally compact Hausdorff
spaces with respective Borel fields 981, ...,B,,.

ii. A bounded n-linear functional p on Co(X7) X - -+ x Co(X,,) (that is,
wE Fn(Byr X+ XB,))

is said to be L2-factorizable if there exist K > 0 and probability measures v, ..., v,
on By, ...,B,, respectively, such that for all f1 € Co(X1),..., fn € Co(Xn),
(10.5) [ fro® fudnl < KUz Ul

(cf. [B5]). Every bounded linear functional p on Co(X1) x Co(X2) is projectively
bounded essentially because every such p is L2-factorizable. To wit, the argument
establishing Theorem 5.1 used Grothendieck’s factorization theorem and inequality,
and in a two-dimensional setting these two statements are equivalent (e.g., see the
Appendix). In higher dimensions, L2-factorizability alone will not imply projective
boundedness. Indeed, every p, given by (7.10) is L2-factorizable, but not every such
e is projectively bounded (Theorem 7.5). Within the class of F-measures given by
(8.1), on the other hand, projective boundedness is equivalent to L2-factorizability.

Question 10.1. Is every projectively bounded F,,-measure on 87 X --- X B,, nec-
essarily L2-factorizable?

iii. An F,-measure on By X --- X B, is said to be completely bounded if there
exist a Hilbert space H, *-representations m; : Co(X;) — B(H), i =1,...,n, and
vectors x € H,y € H such that for f; € Co(X1),..., fn € Co(Xn),

(10.6) /ﬁ®m®n@=www~mmwm

(see [CES, Corollary 3.2]). Every F,-measure on B; x --- x B, which is
L2-factorizable is also completely bounded, but if n > 2 then there exists u €
Fn(B1 x - -+ x B,,) which is completely bounded but not L2-factorizable [S]. Since
every F-measure given by (7.10) is L?-factorizable, Theorem 7.5 implies that there
exist F-measures that are completely bounded but not projectively bounded. More-
over, as in the case of L2-factorizability, it can be shown that if 1 is an F-measure
defined by (8.1), then pu is projectively bounded if and only if it is completely
bounded.
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Question 10.2. Is every u € PBF, (B x --- x B,,) completely bounded?

In subsections iv and v, below, X1, ..., X, denote locally compact Abelian groups
with Borel fields B4, ...,B,.

iv. In a setting of harmonic analysis, possibly the most important problem at this
juncture is whether projective boundedness of i € F,, can be characterized in terms
of some general property of fi.

Question 10.3. Does the converse to Proposition 4.1 hold? That is, for
pE Frn(B1 X - X By),
is it true that i € V,, (X x -+ x X,) only if p € PBF,(By X -+ x B,,)?

An affirmative answer would subsume Theorems 7.5 and 8.1.

v. Suppose p and ¢ are F,-measures on By X --- X B,. If there exists A €
Fn(By x -+ x B,) such that A\ = a0 (see (4.1)), then denote A = p v. We
shall say that g € F,(B1 X -+ x B,,) is convolvable if px v exists for every v €
Fn(B1 x -+ x B,,). Every Fa-measure on B; x By is convolvable (see the remark
following Theorem 5.1; cf. [GS1]). By contrast, there exist F3-measures on B x
By x B3 which are not convolvable (this was proved first in [GS2]; an alternate
proof can be obtained by checking that if n =2, m =1, and U = {(1),(1)}, then
there exists ¢ € °°(N) such that A, given by (7.1) is not convolvable).

Projective boundedness is sharper than convolvability. If || g ps, < 0o, then pxv
exists for every v € F,(B1 x - -- x B,,) (Proposition 4.1). However, the converse is
false: every F-measure given by (7.10) is convolvable, but not every such F-measure
is projectively bounded.

If F,,-measures p and v on B X - - - xB,, are completely bounded, then p*v exists
and is also completely bounded ([Y2], [ZS]). It is unknown whether completely
bounded F-measures are necessarily convolvable.

11. APPENDIX

The elementary proof in subsection i, below, of Theorem 2.5(i) uses an idea of
[B4]. The proof in subsection ii of Theorem 2.5(ii) uses the main idea of the Pietsch
factorization theorem [Pie] (see [LP, Proposition 3.2]). In subsection iii, we note
that the factorization theorem implies the inequality. That these two (“bilinear”)
assertions are equivalent, in the sense that each is derivable from the other, does
not extend to higher dimensions (e.g., see section 10.ii).

i. A proof of Theorem 2.5(i). Fix a one-one correspondence between N and
U{N 1 j =2,3,...}, denoted by n < (n1,...,n;), where n € N and (ny,...,n;) €
U{N . 5 =2,3,...}. If x = {x(n) : n € N} is a scalar sequence then ¢x will
denote the sequence given by

(A1) (px)n = x(n1) - x(ng) /(N2 0o (nayony).
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Observe that if x € [2 and y € [, then

(¢x, Py) = Z > x(n)--x(ny)y(n) - y(ny)

:2 (nl, n;)ENI

(A.2) -
ny /]7exy> <7Y>_1

In particular,
(A.3) x| = elxlE — |1x||2 —

Let 6 = ¢/ve—2. By (A.3), § maps the unit sphere of [? into itself. Define
A(x,y) = e™¥) — 1, and then rewrite (A.2) as

(A4) (x,y) = Ax,y) — (e = 2)(0x, Oy).
By iterating (A.4), we obtain
Lemma A.1. If |x]|2 = |lyll2 = 1, then

oo

(A.5) (x,y) =Y _(~1)"(e — 2)" A(6"x,6%y).

k=0

Lemma A.2. Letf = (f;) and g = (g;) be finite sequences of real-valued functions
in L(X) and L*(Y), respectively, such that

(A.6) Z i@ =1 and Z:Igj(yﬂ2 =1,

for (z,y) € X x Y. Then
(A7) [A(f, g)llvaxxy) <e+ 1.

Proof. Let {Z; : j € N} be a sequence of independent standard normal variables.

If Z is a standard normal random variable, then Ee**Z = 6_52/2, s € R. Therefore,
(A.6) implies

(A.8) eBe' X fiZiem 1002 — o(£8) — A(f,g) + 1
((f,g) denotes >, f; @ g;). This, by Proposition 2.1, implies (A.7). O

If f = (f;) and g = (g;) satisfy the hypotheses of Lemma A.2, then Lemma A.1
implies

(A.9) > fiwg = => (- 2)"A(OFF, 0% g).
J k=0
Therefore, by Lemma A.2,
e+1
§ . . < .
r Ji®gi “3-e

Va

Finally, to obtain the preceding statement under the assumption in (2.12), merely
redefine f; and g; to be, respectively, f;/(3°|f;1%)"/? and g;/(3"|g;]>)*/?, at the
points where they do not vanish. O
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ii. Theorem 2.5(i) = Theorem 2.5(ii). Norm Co(X) x Co(Y) by |[(f,9)]] =
max{||f|lco, [|glloc}- Assume without loss of generality that |||z, = 1. Let W be
the subset of Co(X) x Co(Y) containing all (f, g) which can be written as

(AlO) (f?g) = (Zlfk|2vz|gk|2>

keN keN

such that

(A.11) ‘/ (ka@@gk) dp

keN

> Kg,

where the fi’s and gi’s are elements of Co(X) and Cy(Y), respectively. Observe
that W is convex. Next, consider the convex open set

O ={(f,9) : max{f(z),9(y) : v € D1, y € D2} < 1},

which, by Theorem 2.5(i), is disjoint from W. Therefore, by the Riesz representa-
tion theorem and the Hahn-Banach theorem, there exists a pair of regular Borel
measures (v1,v2) € M(X) x M(Y) such that

(A12) [, femtan) + [ gwpian) <1 or (5.0 <0
and
(A.13) /X f(x)v1(dz) + /yg(y)yg(dy) >1 for (f,g) € W.

(A.12) implies that 14 and v, are nonnegative, and that ||vy|ar + ||v2llar < 1.
Let f € Co(X) and g € Co(Y), and assume that u(f,g) := [ f ® gdu # 0. Since

KglfI? ’Cg|g|2)
<|u<f,g>|’|u<f,g>| W,

(A.13) implies

uth. o)l < ke ( [ roman) + / sl

= Ka(If1Z200) + 19lZ200))-

(A.14)

By the homogeneity of u, for arbitrary ¢ > 0 and d > 0, (A.14) implies
(A.15) u(f, )| < Kg(§1f 122000 + E1911720m))-

In (A.15), put ¢ = ||g|/z2(,) and d = || f[|z2(,,), thus obtaining

(A.16) (], 9)] < 2Kg |1l 2w 191 L2 () -

Since v1 # 0, vo #£ 0, and ||v1||ar+||v2||m < 1, we can replace v1 and s in (A.16) by
probability measures v1/||v1||am and vo/||ve|| s, respectively, thus obtaining (2.14).
O
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ili. Theorem 2.5(ii) = Theorem 2.5(i). It can be assumed that the f;’s and
g;’s for which (2.12) holds are simple functions, and hence, that X and ) are finite
sets. Let pu € Fo(X x ) be arbitrary, and let 11 and v5 be the respective probability
measures on X and Y for which (2.14) holds. Then,

/ij@gj dp <Z‘/fj®gjdﬂ'
J J

L [ 2 Sy T PP A o
J
1/2 1/2
< Kglullz | Y fill7200 > ill720) < Kgllpll7
J J
(the last inequality is a consequence of the generalized Minkowski inequality and
(2.12)). We deduce (2.13) by maximizing (A.17) over u € Fa(X x V). O
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